A new minimal inequality on ff-spaces is obtained together with six equivalent formulations. As applications, some results on fixed point theorems and system of inequalities are proved. Our results generalise the corresponding results on (1) minimax inequalities due to Fan, Yen, Tan, Shih-Tan and Ding-Tan, (2) fixed point theorems due to Browder, Tarafdar, Shih-Tan and Ding-Tan, (3) convex inequalities due to Fan, (4) systems of inequalities due to Granas-Liu and (5) a minimax theorem due to Kneser.
INTRODUCTION
In 1961, Fan [13] gave an extension of the classical Knaster-KuratowskiMazurkiewicz theorem [20] to an arbitrary Hausdorff topological vector space. Since then this result has been widely used in non-linear functional analysis and is known as Fan's Lemma. Among various applications of Fan's Lemma, an application (both simple and non-trivial) is the celebrated 1972 minimax inequality of Fan [14] . The minimax inequality of Fan is of a topological nature and has important repercussions both in convex analysis and non-linear functional analysis.
Since 1972, there have been numerous generalisations of Ky Fan's minimax inequality by weakening the compactness assumption or the convexity assumption in topological vector spaces, for example see [1, 2, 4, 7, 15, 26, 27, 29, 30] . In [17, 18, 19] , Horvath obtained some minimax inequalities by replacing convexity with pseudoconvexity [17] or contractibility [18, 19] in topological spaces but only in a compact setting. In [3] , using Horvath's approach in [19] , Bardaro and Ceppitelli introduced the notions of "JT-space", "weakly H-convex" and " 27-compact" to obtain some minimax inequalities in non-compact setting for mappings taking values in an ordered vector space.
In this paper, we first give two versions of a new generalisation of the Ky Fan minimax inequality to non-compact if-spaces which include a generalisation of Ky A pair (X, {-^Vi}) is said to be an H-space if X is a topological space (which need not be Hausdorff) and {F A } is a family of non-empty contractible subsets of X indexed by A G T(X) such that The following lemma is a slight improvement of Corollary 1.1 of Horvath in [19] .
LEMMA 1 . Let (X, {F A }) be an H-space and G: X -» 2 X be such that (a) G is an H -KKM map; (b) {or some xo G X , G(xo) is compact and for each x G X, G(x) is closed in X.
Then fl G(x)^<D.
PROOF: From Theorem 1 of Horvath in [19] , it follows that the family {G(x): x G X } has the finite intersection property. Then we have
By Lemma 1, f| F(x) ^ 0. Hence, it follows from (i) and (ii) that f| G{x) ^ 0.
Take any y £ f| G(x); then <f>{x,y) < 0 for all x £ X . D xex LEMMA 2 . Let (X, {F A }) be an H-space and i>: X x X -> R be such that tp(x, x) ^0 for all x £ X. Then the following two conditions are equivalent:
(1) the map x -> F(x) = {y £ X : ip(x,y) ^ 0} is H -KKM; (2) for each A £ T{X) and for each y £ F A , min^s:,!/) < 0.
PROOF: (1) => (2): Suppose (2) does not hold; then there exist A £ F{X) and y £ F A such that min i 0(x,y) > 0; it follows that y £ f(x) for all x £ A so that
x£A x€A (2) =>• (1): Suppose (1) does not hold; then there exists A £ F(X) such that F A <£ |J .F(x). Choose any y £ F A such that y £ \J F(x); it follows that V>(z,y) > 0 for all a; g 4 so that minV'fx,!/) > 0 which contradicts (2) . D xeA The condition (2) in Lemma 2 generalises the notion of 0-diagonally quasi-concave in y introduced in [31] . In view of Lemma 2, we have the following result which is equivalent to Theorem 1. We emphasise here that, in Theorem 1 (also Theorem 2), the coercive condition (d) is imposed on if) while in other non-compact generalisations of Fan's minimax inequality, the coercive condition is imposed on <j>, for example see Allen [1], Tan [27] , Bae-KimTan [2] and Ding-Tan [7] . For the purpose of comparision, we shall state the minimax inequality of Ding-Tan [ [7] A new minimax inequality 463
THEOREM 5 . (Fixed Point Version) Let (X, {F A }) be an H-space and F, G :
X -> 2 X U {0} be such that (a) for each x G X, F(x) C G(x); (b) for each x G X, F{x) is open in X;(
Then there exists x£X such that x G T(x).

THEOREM 7 . (Maximal Element Version) Let (X, {F A }) be an H-space and P, Q: X
Suppose that for each x G X, (x,x) $ C. Let </> and ij> be the characteristic functions of B and C respectively, then 
Then there exists x £ X such that x G G(x).
PROOF: Suppose there exist A G F(X) and y G F A such that y G G(a:) for all x G A, then ^ C G~1{y) so that by (c), F A C G"
x (y) and h e n c e J 6 ^ C G-1^/ ); thus j / € G(y). Suppose for each A € ^"( X) and for each y € F A , there exists x € i such that y ^ G(x), then the condition (c) of Theorem 5 is also satisfied. By Theorem 5, there exists x G X such that x G G(x). D
Corollary 3 generalises Theorem 5 of Shih-Tan [24] and its non-compact generalisation by Shih-Tan [26, Theorem 2] to non-comvex setting.
We remark here that Theorem 7, the maximal element version of minimax inequality, has applications to mathematical economics, for example see Ding-Tan [10] .
The following result is an easy consequence of Theorem 6: Then there exists x G X such that x G T{x). 
PROOF: Suppose there exist A G F(X) and y
G F A such that x G T{y) for all x G A, then A C T(y) so that by (c),
SYSTEMS OF INEQUALITIES
According to Pietsch [23, p.40 ], a collection T of real-valued functions / denned on a set X is called concave if, given any finite subset {/i,..., /"} of T and a\,..., a n ^ 0 n n with X) «• = 1. t h e r e exists / G T such that f(x) ^ £ aifi(x) for all z G A".
i=l i=l
Given any two collections J-and Q of real-valued functions on a set X, we shall write T ^ £ if for any / G ^", there exists g £ & such that /(a;) < g(x) for all z G X. ..,h n £7i such that /< < gi < /i< on X for each i = 1 , . . . ,n. Define ^, ip: X x X -> R as follows: [12] Then we have Thus all hypotheses of Theorem 2 are satisfied so that there exist y G X such that <f>(x,y) ^ 0 for all x G X; that is, for all * G X.
By (v), there is an h G H satisfying h(x) ^ £) /3i(y)hi(x)
for all x e X. Therefore for
This proves the alternative (1) D Theorem 8 generalises Fan's Lemma [23, p.40] (see also Theorem 6 in [25] which is equivalent to Theorem 1 of Fan in [12] ) to .ff-spaces.
Let h be a real-valued function denned on the product set X x Y of two arbitrary non-empty sets X and Y. According to Fan [11] , h is said to be concave on X if for any two elements 2:1,2:2 £ X and two numbers ot\, 02 ^ 0 with a\ + 02 = 1, there exists xo & X such that x » e r Theorem 11 (and hence Theorem 10) generalises a well-known minimax theorem of Kneser [21] .
Note that min sup g(x,y) is attained at some point in Y since y -• sup g(x,y) is v£ Y xex xex also lower semicontinuous and Y is compact.
REMARK. The condition (ii) of Theorem 10 (respectively Theorem 11) can be replaced by the following condition (ii)' without affecting the conclusion:
(ii)' for any finite subset {xi,..., z n } of X and for any <*i,..., a n ^ 0 with 
